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Abstract. For numbers, all interpolations between the arithmetic and the

geometric means provide refinements to the arithmetic-geometric mean in-

equality. Hence, this is true for means in the Kubo-Ando sense. For non-

Kubo-Ando extensions, this relation does not always hold. We consider non-

Kubo-Ando extensions of the Heron and Heinz means and show that the chosen

extension of the Heron mean does not provide a refinement of the arithmetic-

geometric mean inequality. We also compare norms of non-Kubo-Ando exten-

sions of the Heron and Heinz means.

1. Introduction

Let us denote by Mn the algebra of all complex matrices of order n, Pn the set

of positive semi-definite matrices in Mn. A norm ||| · ||| on Mn is called unitarily

invariant if

|||A||| = |||UAV ||| (for all unitary U, V ).

Recall that the scalar Heinz mean provides an interpolation between the arith-

metic and the geometric means, i.e., for non-negative numbers a and b and for

t ∈ [0, 1],
√
ab ≤ a1−tbt + atb1−t

2
≤ a+ b

2
.

The last inequalities have been generalized in various directions. One of matrix

versions in [1] says that for any A,B ∈ Pn and X ∈Mn, and for t ∈ [0, 1],

(1) 2

∣∣∣∣∣∣∣∣∣∣∣∣A1/2XB1/2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣A1−tXBt +AtXB1−t
∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣AX +XB

∣∣∣∣∣∣∣∣∣∣∣∣.
There are several matrix versions of the Heinz mean. Of particular importance

is the Kubo-Ando extension [11] defined by

(2) Gt(A,B) =
A]tB +A]1−tB

2
(t ∈ [0, 1]),

where A]tB := A1/2(A−1/2BA−1/2)tA1/2 (called the t-geometric mean) is the

unique geodesic curve joining A and B with respect to the Riemannian metric
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[4]. The midpoint 1
2 -geometric mean is called the geometric mean and denoted by

A]B.

Recently, many researchers [12, 9, 2, 3, 8] have become interested in the matrix

Heron mean which is also an interpolation between the arithmetic mean A∇B :=

(A+B)/2 and the geometric mean A]B:

(3) Ht(A,B) = tA∇B + (1− t)A]B, t ∈ [0, 1].

Clearly, this interpolation is monotonic with respect to t. As a result, it offers a

refinement of the AGM inequality at the level of inequalities of matrices. Interest-

ingly, its non-Kubo-Ando extension

tA1/2XB1/2 + (1− t)AX +XB

2

while it provides an interpolation between the non-Kubo-Ando extension of the

arithmetic and the geometric means, in general, does not provide a refinement of the

AGM inequality at the level of inequalities of unitarily invariant norms (Theorem

1). In the last section, we consider a general version of the following inequality

Gt(A,B) ≤ H|2t−1|(A,B)

for the corresponding non-Kubo-Ando extensions for any unitarily invariant norms.

2. Interpolation by the Heron Mean

Based on the known result (1) for the Heinz mean, it results natural to ask

whether any given interpolation between the arithmetic and geometric means pro-

vides a refinement of the celebrated AGM inequality outside of the Kubo-Ando

class. The objective of this section is to show that even the most natural interpo-

lation between the arithmetic and geometric means, the linear interpolation, does

not provide a refinement of the AGM inequality. Below, we show how the Heron

mean dominates the geometric mean in norm on [1/2, 1]. However, this is not true

for the whole interval [0, 1] as we verify via a counterexample.

Theorem 1. Let A,B be positive semidefinite matrices, X ∈ Mn and ||| · ||| an

arbitrary unitarily invariant norm on Mn. Then,∣∣∣∣∣∣∣∣∣∣∣∣A1/2XB1/2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣(1− µ)A1/2XB1/2 + µ
AX +XB

2

∣∣∣∣∣∣∣∣∣∣∣∣ for µ ∈ [1/2, 1],(4)

and ∣∣∣∣∣∣∣∣∣∣∣∣(1− µ)A1/2XB1/2 + µ
AX +XB

2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣AX +XB

2

∣∣∣∣∣∣∣∣∣∣∣∣ for µ ∈ [0, 1].(5)

In case of M2 the inequality (4) is true for any µ ∈ [0, 1].
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Proof. Inequality (4) is a special case of Theorem 3 in [3]. However, the proof given

therein does not yield the proof of the statement regarding M2. For this reason we

include it here with a slightly different proof.

Firstly, it suffices to show that the theorem is true for positive definite matrices,

then a continuity argument settles it for positive semidefinite matrices. We claim

that it suffices to show (4) for the special case when A = B. That is, it suffices to

show ∣∣∣∣∣∣∣∣∣∣∣∣A1/2XA1/2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣(1− µ)A1/2XA1/2 + µ
AX +XA

2

∣∣∣∣∣∣∣∣∣∣∣∣.(6)

Indeed, if (6) holds, we can replace A with

(
A 0

0 B

)
and X with

(
0 X

0 0

)
.

Since the norm is unitarily invariant, we may assume that A = diag(λ1, ..., λn)

for λi > 0. Then,

A1/2XA1/2 = Y ◦
(

(1− µ)A1/2XA1/2 + µ
AX +XA

2

)
,

where

[Y ]i,j =
2
√
λiλj

µ(λi + λj) + 2(1− µ)
√
λiλj

=
√
λi

2

µ(λi + λj) + 2(1− µ)
√
λiλj

√
λj .

Therefore, Y = A1/2CA1/2, where C is the matrix whose i, j-entries are the inverse

of the Heron means of λi and λj . It was shown in [6] that C ≥ 0 for µ ∈ [1/2, 1].

Since Y ≥ 0, it is well-known (see Exercise 2.7.12 in [5]) that

|||AtXA1−t||| ≤ max
i
yii |||µAtXA1−t + (1− µ)(tAX + (1− t)XA)|||

and since all of the diagonal entries in Y are equal to 1, this implies (4).

For the 2× 2 case, the matrix Y is of the form

(
1 a

a 1

)
for 0 < a ≤ 1, hence it

is positive. Therefore, (4) holds for all µ ∈ [0, 1].

For the proof of (5), the same reductions as before are possible. So, it suffices

to show ∣∣∣∣∣∣∣∣∣∣∣∣(1− µ)A1/2XA1/2 + µ
AX +XA

2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∣∣∣AX +XA

2

∣∣∣∣∣∣∣∣∣∣∣∣(7)

for a positive diagonal matrix A = diag(λ1, ..., λn). We note that

(1− µ)A1/2XA1/2 + µ
AX +XA

2
= Z ◦ AX +XA

2
,

where

[Z]i,j = µ+ (1− µ)
2
√
λiλj

λi + λj
.
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Figure 1. Graph of the second Ky-Fan norms for (1 −
µ)A1/2XB1/2 + µAX+XB

2 and A1/2XB1/2 for µ ∈ [0, 0.1].

Therefore, Z can be written as the sum of a positive matrix and a positive multiple

of a matrix that is conjugate to a Cauchy matrix, hence Z is positive definite.

Noting that [Z]i,i = 1 for all i, we obtain the desired result.

�

Remark 2. In general, the matrix Y may not be positive definite if matrices are of

order greater than 2. For example, consider A = diag(825, 50, 6) and let t = 0.08. In

this case the eigenvalues of Y are approximately {2.72832, 0.283251,−0.0115682}.
This does not immediately imply that (4) does not hold on [0, 1]. However, let’s

consider the following matrices

A =


12442.2 10530.9 −3065.8

10530.9 9813.8 −5924.4

−3065.8 −5924.4 14796.4

 , B =


8644.9 7225.97 11408.6

7225.97 11216.34 3475

11408.6 3475 22713.1

 ,

and

X =


70.4 −68.4 37.3

−50.5 42.6 −2.9

−93.3 94.8 −68.7

 .

Plotting the function associated to the Ky-Fan norms

µ 7→ ‖(1− µ)A1/2XB1/2 + µ
AX +XB

2
‖2

and the constant ‖A1/2XB1/2‖2 we obtain Figure 1 which is a counterexample to

(4) when µ is outside of [1/2, 1].
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3. Norm inequality for the matrix Heron and Heinz means

In [3], R.Bhatia obtained a relation between the Heinz mean and the Heron mean

which states that for a, b ≥ 0 and t ∈ [0, 1],

(8) Gt(a, b) ≤ H(2t−1)2(a, b).

Latter, Kaur and Singh [9], and Zou [12] based on this result considered some

matrix versions of (8) for norms.

As a consequence of (8), for any t ∈ [0, 1],

(9) Gt(a, b) ≤ H|2t−1|(a, b).

Surprisingly, in spite of this, the matrix version of (9) gives us more than mentioned

above results do. Firstly, we provide an independent proof of (9) without using (8)

or the techniques in [3]. Indeed, it suffices to show that for t ∈ [1/2, 1] and x > 0,

(10)
2t− 1

2
(1 + x) + (2− 2t)x1/2 ≥ xt + x1−t

2
.

The case t ∈ [0, 1/2] follows from the symmetry of the Heinz mean and a re-

parametrization of the Heron mean. Now dividing both sides of (10) by x1/2 and

then substituting x by ey, we get

(11) (2t− 1) cosh
(y

2

)
+ (2− 2t) ≥ cosh

(y
2

(2t− 1)
)
.

By the concavity of the function x 7→ x2t−1 on [1/2, 1],

cosh
(y

2

)2t−1
=

(
ey/2 + e−y/2

2

)2t−1

≥
(
e(2t−1)y/2 + e−(2t−1)y/2

2

)
= cosh

(y
2

(2t− 1)
)
.

So, the desired inequality (11) follows from

(2t− 1) cosh
(y

2

)
+ (2− 2t) ≥ cosh

(y
2

)2t−1
which is equivalent to

za+ (1− z) ≥ az

or

z(a− 1) + 1 ≥ az

for any positive real a and 0 ≤ z ≤ 1. The last inequality follows from the Bernoulli

inequality for x = a+ 1 and z = r.

As a direct consequence of (9), the Kubo-Ando extensions (1) and (3) of the

Heinz and the Heron means satisfy the following inequality

A]tB +A]1−tB

2
≤ |2t− 1|A∇B + (1− |2t− 1|)A]B.
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In the remainder, for t ∈ [1/2, 1] and any unitarily invariant norm ||| · ||| we consider

whether the corresponding inequality for the non-Kubo-Ando extensions

(12)
1

2
|||A1−tXBt +AtXB1−t||| ≤ |||(2− 2t)A1/2XB1/2 + (2t− 1)

AX +XB

2
|||

holds. A moment’s thought shows that the inequality (12) cannot hold for the

entire interval [0, 1]. Indeed, if (12) held we would have

|||A1/2XB1/2||| ≤ 1

2
|||A1−tXBt +AtXB1−t|||

≤ |||(2− 2t)A1/2XB1/2 + (2t− 1)
AX +XB

2
|||.

However, a change of variables shows that t↘ 1/2 on the right-hand-side is equiva-

lent to µ→ 0 on |||(1−µ)A1/2XB1/2 +µ
AX +XB

2
|||, thus contradicting Theorem

1. So, there is no hope of obtaining (12) for the entire interval. However, it is

possible to find a subinterval for which this relation holds.

Some results in this direction are known. For example, in [3] R. Bhatia showed

that

f(α) = |||(1− α)A1/2XB1/2 + α
AX +XB

2
|||

is an increasing function of α on [1/2, 1] and f(α) ≤ f(1/2) for α ∈ [0, 1/2]. Later,

R. Kaur and M. Singh [9] proved that f(α) is increasing on [1/2,∞). As a conse-

quence, they provided a comparison between norms of the Heinz and Heron means

as

(13)
1

2
|||AtXB1−t +A1−tXBt||| ≤ |||(1− α)A1/2XB1/2 + α

AX +XB

2
|||

for 1/4 ≤ t ≤ 3/4 and α ∈ [1/2,∞).

Observe that if we put α = 2t− 1, then from Kaur and Singh’s result inequality

(13) holds only for t = 3/4. Similarly, if we put α = 2t, (13) holds only for t = 1/4.

In the following theorem, based on (9) we show that (13) holds for 3/4 ≤ t ≤ 1 and

α = 2t− 1 and for 0 ≤ t ≤ 1/4 and α = 2t.

Theorem 3. Let A,B be positive semi-definite matrices, X ∈Mn, and ||| · ||| any

unitarily invariant norm. Then

(14)
1

2
|||A1−tXBt +AtXB1−t||| ≤ |||(2− 2t)A1/2XB1/2 + (2t− 1)

AX +XB

2
|||

whenever t ∈ [3/4, 1]. And for t ∈ [0, 1/4],

(15)
1

2
|||A1−tXBt +AtXB1−t||| ≤ |||2tA1/2XB1/2 + (1− 2t)

AX +XB

2
|||.

Proof. The second part of the theorem is obtained from the first by symmetry, so

we prove only the first part. Let t ∈ [3/4, 1]. It is enough to prove (14) for the
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special case A = B; the general case follows by replacing A and X by

(
A 0

0 B

)

and

(
0 X

0 0

)
, respectively.

Now let A = B. Since the norm is unitarily invariant, we may assume that A is

diagonal with positive diagonal entries λ1, · · · , λn. Then, by using the same idea in

[7, Theorem 3] the inequality (14) follows if the matrix whose i, j-entries equal

λt
iλ

1−t
j +λ1−t

i λt
j

2
2t−1
2 (λi + λj) + (2− 2t)

√
λiλj

=
(λi/λj)

t+(λi/λj)
1−t

2
2t−1
2 ((λi/λj) + 1) + (2− 2t)

√
λi/λj

is positive definite. Equivalently, the function

xt+x1−t

2
2t−1
2 (1 + x) + (2− 2t)x1/2

=
x(2t−1)/2+x(1−2t)/2

2
2t−1
2 (x−1/2 + x1/2) + (2− 2t)

is positive definite. Replacing ey = x1/2, β = 2t− 1 in the last function we need to

show that the function

(16) g(y) =
cosh (βy)

β cosh(y) + 1− β
,

is positive definite.

On the other hand, Kosaki [10, Theorem 11] showed that the function

cosh (βy) + s′

cosh(y) + s

is positive definite for β ∈ [0, 1] and s, s′ ∈ (−1, 1] such that β ≤ π − cos−1(s′)

π − cos−1(s)
.

Therefore, the positive definiteness of g(y) follows from Kosaki’s result for s′ = 0,

s = 1−β
β if we show

β ≤ π/2

π − cos−1
(

1
β − 1

) , β ∈ [1/2, 1],

or,

cos−1 (α) ≥ π/2(1− α), α ∈ [0, 1].

The last inequality follows from the fact that the two sides of the inequality are

equal at the end-points and the function on the left-hand-side is concave down on

this interval. �

Remark 4. Using the same matrices A,B, and X as in the counterexample in

Section 2 and using the 2-Ky-Fan norm we plot

1

2
|||A1−tXBt +AtXB1−t|||
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Figure 2. Graph of the second Ky-Fan norms for A1−tXBt +

AtXB1−t and (2 − 2t)A1/2XB1/2 + (2t − 1)AX+XB
2 for t ∈

[0.5, 0.55].

and

|||(2− 2t)A1/2XB1/2 + (2t− 1)
AX +XB

2
|||

for 0.5 ≤ t ≤ 0.55. It is shown on Figure 2 that the result in Theorem 3 cannot be

extended to the entire interval.
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